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a b s t r a c t

The parameter identifiability problem for dynamic system ODE models has been extensively studied.
Nevertheless, except for linear ODE models, the question of establishing identifiable combinations of
parameters when the model is unidentifiable has not received as much attention and the problem is
not fully resolved for nonlinear ODEs. Identifiable combinations are useful, for example, for the reparam-
eterization of an unidentifiable ODE model into an identifiable one. We extend an existing algorithm for
finding globally identifiable parameters of nonlinear ODE models to generate the ‘simplest’ globally iden-
tifiable parameter combinations using Gröbner Bases. We also provide sufficient conditions for the
method to work, demonstrate our algorithm and find associated identifiable reparameterizations for sev-
eral linear and nonlinear unidentifiable biomodels.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

Parameter identifiability analysis addresses the problem of
which unknown parameters of an ODE model can be quantified
from given input/output data. If all the parameters of the model
have a unique or finitely many solutions, the model and its param-
eter vector p are said to be identifiable. Many models, however,
yield infinitely many solutions for some parameters, and the model
and its parameter vector p are then said to be unidentifiable. This
raises the question, given an unidentifiable model, can we find
combinations of the elements of p that are identifiable, e.g. so
the model can be solved? Finding these parameter combinations
is the main focus of this paper.

For linear ODE models, the problem of finding identifiable
combinations in p when p is not identifiable is solved globally
using transfer function and other linear algebra methods [1–3].
For nonlinear ODE models, the problem has been more challeng-
ing, with little resolution beyond application to simple models,
most providing computationally intensive local solutions [4].
Evans and Chappell [5] and Gunn et al. [6] adapt the Taylor ser-
ies approach of Pohjanpalo [7] to find locally identifiable combi-
nations. Chappell and Gunn [8] use the similarity transformation
approach to generate identifiable reparameterizations, but again
only locally. Denis-Vidal and Joly-Blanchard [9] find reparameter-

izations using equivalence of systems based on the straightening
out theorem to get global identifiability. However, for systems of
dimension greater than one, this method does not find a neces-
sary condition for identifiability and is not implemented as easily
as other methods [9]. Denis-Vidal et al. [10,11], Verdière et al.
[12], and Boulier [13] find globally identifiable combinations of
parameters in a differential algebraic approach similar to
Saccomani et al. [14], via an ‘‘inspection” method as discussed
later.

In this work, we first establish a ‘simplest’ set (defined below) of
globally identifiable parameter combinations for a practical class of
nonlinear ODE models. To accomplish this, we extend the method of
Bellu et al. [15] using a variation on the Gröbner Basis approach and
exemplify our algorithm and its application to reparameterization.

2. Nonlinear ODE model

Our model is of the form:

_xðt;pÞ ¼ f ðxðt;pÞ;uðtÞ; t; pÞ; t 2 ½t0; T�
yðt;pÞ ¼ gðxðt;pÞ; pÞ
x0 ¼ xðt0;pÞ

ð2:1Þ

Here x is a n-dimensional state vector, x0 is the initial state at time
t0 , p is a P-dimensional parameter vector, u is the r-dimensional
input vector, and y is the m-dimensional output vector. As in [15],
we assume f and g are rational polynomial functions of their
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arguments. Also, constraints reflecting known relationships among
parameters, states, and/or inputs are assumed to be already in-
cluded in (2.1), because they generally affect identifiability proper-
ties [16]. For example, p P 0 is common.

3. Identifiability

The question of a priori structural identifiability concerns finding
one or more sets of solutions for the unknown parameters of a
model from noise-free experimental data. Structural identifiability
is a necessary condition for finding solutions to the real ‘‘noisy”
data problem, often called the numerical identifiability problem.

Mathematically, it is sometimes convenient to express struc-
tural identifiability as an injectivity condition, as in [14]. Let
y ¼ Uðp;uÞ be the input–output map determined from (2.1), by
eliminating the state variable x. Consider the equation
Uðp;uÞ ¼ Uðp�;uÞ, where p� is an arbitrary point in parameter
space and u is the input function. Then one solution p ¼ p� corre-
sponds to global identifiability, finitely many distinct solutions
for p to local identifiability, and infinitely many solutions for p to
unidentifiability.

4. Differential algebra approach

A particularly productive approach to the identifiability prob-
lem for nonlinear ODE models is the differential algebra approach
of Saccomani et al. [14], following methods developed by Ljung and
Glad [17] and Ollivier [18,19]. Their most recent contribution is the
DAISY (Differential Algebra for Identifiability of SYstems) program
[15]. We summarize this approach here, as our work is an exten-
sion of their algorithm.

The first step is finding the input–output map in implicit form
by reducing the model (2.1) via Ritt’s pseudodivision algorithm
[15]. The result is called the characteristic set [18]. A necessary con-
dition for this method is that the ideal generated by the character-
istic set is a prime ideal [20].

Ritt’s pseudodivision is summarized as follows. By combining
the model equations and derivatives of the equations, we trans-
form them symbolically into an equivalent system where one or
more equations have the state variables eliminated. Essentially it
amounts to finding a Gröbner Basis for the model equations plus
their derivatives, or in other words, performing successive substi-
tutions to eliminate the state variables. An example of the algo-
rithm can be found in [15].

The first m equations of the characteristic set, i.e. those inde-
pendent of the state variables, are the input–output relations:

Wðy;u;pÞ ¼ 0 ð4:1Þ

These equations involve (differential) polynomials from the differ-
ential ring RðpÞ½u; y� , where RðpÞ is the field of rational functions
in the parameter vector p.

For example, the ODE model

_x ¼ kxþ u

y ¼ x=V

with the chosen ranking _x > x > _y > y > u yields an input–output
equation, Wðy;u;pÞ, of the form:

Wðy;u;pÞ ¼ V _y� kVy� u ¼ 0

In general, Wðy;u;pÞ ¼ 0 are polynomial equations in the variables
u; _u; €u; . . . ; y; _y; €y; . . . with rational coefficients in the parameter vec-
tor p. That is, we can write Wjðy;u;pÞ ¼

P
iciðpÞwiðu; yÞ, where ciðpÞ

is a rational function in the parameter vector p and wiðu; yÞ is a (dif-
ferential) monomial function in the variables u; _u; €u; . . . ; y; _y; €y; . . .

etc. While the characteristic set is in general non-unique, the

coefficients of the input–output equations can be fixed uni-
quely by normalizing the coefficients to make these polynomials
monic [15]. Thus the coefficients ciðpÞ are uniquely attached
to the input–output relations of the system [15]. To form an injec-
tivity condition, we set Wðy;u;pÞ ¼ Wðy;u;p�Þ. This becomesP

iðciðpÞ � ciðp�ÞÞ wiðu; yÞ ¼ 0 for each input–output equation. If
the aforementioned conditions on the characteristic set hold, then
wiðu; yÞ are linearly independent. Thus global identifiability be-
comes injectivity of the map cðpÞ [15]. That is, the model (2.1) is
a priori globally identifiable if and only if cðpÞ ¼ cðp�Þ implies
p ¼ p� for arbitrary p� [15]. The equations cðpÞ ¼ cðp�Þ are called
the exhaustive summary [18]. These equations are then solved for
the parameter vector p via the Buchberger Algorithm and elimina-
tion. The resulting M equations are one of the three possible cases:

(A) unique solution, e.g. pi � p�i ¼ 0;
(B) finite number of solutions, e.g. pi � p�i ¼ 0 or pi � p�j ¼ 0;
(C) infinite number of solutions, e.g. pi ¼ Fðp;p�Þ.

This is where DAISY terminates. Thus, in the case of unidentifi-
ability (case (C)), nothing more is explicitly stated about finding
identifiable combinations. However, there are ways of finding
identifiable combinations from the DAISY output.

One way is by the ‘‘inspection” method, which involves simple
rearrangements of the coefficients of the input–output equations.
There are at least M coefficients of the input–output relations,
which are always identifiable (under the suitable normalization
described in [15]). Thus, in our example, V and kV are identifiable,
thus k is also identifiable. This process of ‘‘inspection” to find
identifiable combinations can be done using the input–output
relations in the DAISY output. However, one can imagine exam-
ples with sufficiently complicated input–output equations where
the effectiveness of inspection breaks down (as we show in the
examples). Furthermore, although we may find identifiable com-
binations directly from the input–output relations, we may not
be able to find the ‘simplest’ identifiable combinations. Another
way to find identifiable combinations is through the DAISY
parameter solution, and is demonstrated in an example in [21].
Let s be the number of free parameters, defined as the number
of total parameters P minus the number of equations in the solu-
tion, M. In the case of unidentifiability, the DAISY parameter solu-
tion contains s free parameters, and thus the solution can
sometimes be algebraically manipulated to find M ¼ P � s identi-
fiable combinations. However, this is not always possible, as in
the Linear 2-, 3-, and 4-Compartment Model examples below.
Thus, the method employed in the DAISY program provides a test
for identifiability of parameters, but it does not directly provide
the simplest globally identifiable parameter combinations in
unidentifiable ODE models, or their associated reparameteriza-
tions. Our algorithm extends the DAISY approach by finding such
combinations.

5. Algorithm

The DAISY parameter solution is found by obtaining a Gröbner
Basis of the exhaustive summary via the Buchberger Algorithm
and then using the properties of elimination to solve explicitly
for the parameter vector p. Our algorithm begins one step back
and examines Gröbner Bases themselves, before applying them
to solve for the parameters.

From the exhaustive summary, cðpÞ ¼ cðp�Þ, we construct a
Gröbner Basis in the form G ¼ fG1ðp;p�Þ; . . . ;Gkðp;p�Þg , where Gj

is a polynomial function (here k P P � s, depending on the ranking
of parameters). In this process, we observe that additional informa-
tion can be obtained from the Gröbner Basis. In particular, if in the
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case of unidentifiability we can obtain simplified elements of the
Gröbner Basis of the form

qiðpÞ � qiðp�Þ ð5:1Þ

where qiðpÞ is a polynomial function of p, then qiðpÞ is uniquely iden-
tifiable by the injectivity condition. In other words, Gjðp;p�Þ is
‘‘decoupled” into a polynomial in p minus the same polynomial in p�.

Note that we may instead have elements scaled by an arbitrary
polynomial function ~f ðp�Þ,

~f ðp�ÞqiðpÞ � ~f ðp�Þqiðp�Þ

whose solution reduces to the simplified form (5.1). For example,
p�1p2p3 � p�1p�2p�3 reduces to p2p3 � p�2p�3.

There is no guarantee of finding elements of this form. However,
even if the elements in the Gröbner Basis are not ‘‘decoupled” in
this form, sometimes the element can be solved for the parameters
in order to get an identifiable expression. For example, an element
p�2p1 � p�1p2 implies that p1=p2 is identifiable. This is demonstrated
in Example 5 below.

As we see shortly, parameter combinations may be locally
identifiable as opposed to globally identifiable, in which case
we examine factors of elements of a Gröbner Basis in order to find
them. In other words, terms of the form qiðpÞ � qiðp�Þ may occur
as a factor of a Gröbner Basis element, even if the entire element
as a whole cannot be decoupled. In addition, a decoupled Gröbner
Basis element can sometimes be split into factors of lower degree.
It may be useful to examine the factors of such a polynomial,
since (in Step 4 of our algorithm below) these elements will be
used to reparameterize the input–output equations. For example,
we may have p2

2p2
4 � p�22 p�24 as an element but only multilinear

coefficients of input–output equations, thus splitting the qua-
dratic element as ðp2p4 � p�2p�4Þðp2p4 þ p�2p�4Þ is useful in finding
decoupled forms. However, non-negativity of parameters is usu-
ally assumed so all negative solutions could be discarded, and
thus global identifiability can be attained in such cases.

Another observation is that the determination of additional
expressions of the type (5.1) depend upon the choice of ranking
of parameters when constructing the Gröbner Basis. Since a
Gröbner Basis is computed by eliminating parameters with the high-
est ranking first, we want each parameter to have a chance at the
highest ranking, hence the need to try several rankings of parame-
ters. This permits construction of simpler basis polynomials, involv-
ing as few parameters as possible, using the elimination properties of
Gröbner Bases. These combinations may not all appear in a single
Gröbner Basis, hence the need for several rankings of parameters.

Our algorithm, outlined as follows, combines the results of
these observations.

Step 1: Search through all relevant rankings and determine identi-
fiable combinations, i.e. elements of the Gröbner Bases (or
factors, as needed) that can be simplified to the decoupled
form qiðpÞ � qiðp�Þ when set to zero.

For P parameters, we need P! rankings of the parameters. How-
ever, in most cases we can choose up to P cyclic permutations of
some order of the parameters to generate enough Gröbner Bases.
Group these identifiable elements in their decoupled form
qiðpÞ � qiðp�Þ together and call this set the identifiable set.From

the examples above,p2p3� p�2p�3;
p1
p2
� p�1

p�2
; p2p4 � p�2p�4 and

p2p4 þ p�2p�4 could all be elements in the identifiable set. Note that

the term p1
p2
� p�1

p�2
is the decoupled form of the Gröbner Basis element

p�2p1 � p�1p2. As mentioned above, negative solutions of parameters
are usually discarded, and thus p2p4 þ p�2p�4 could be discarded
from our identifiable set.

Step 2: Select the M ‘simplest’ combinations from the identi-
fiable set.

By ‘simplest’, we mean the elements that have the lowest degree
and the fewest terms (in p). In practice, this is done by ranking the
identifiable parameter combinations in the order of their degree
multiplied by the number of terms.
This set may not be unique. Thus, it may be necessary to try sev-
eral different sets of combinations before choosing an optimal
one. Also, this set should contain at least one function of each
parameter appearing in the coefficients of the input–output
equations, or else Step 4 will fail. We note that if the model is
reducible, i.e. if one or more parameters in the model equations
do not appear in the input–output equations, then we rename P
to the number of parameters appearing in the input–output
equations.

Definition. The set of simplest elements of the (decoupled) form
qiðpÞ � qiðp�Þ , which arise either directly from elements of the
Gröbner Bases or from factors of elements of Gröbner Bases, is
called the canonical set.

For example, p2p3 � p�2p�3;
p1
p2
� p�1

p�2
; p2p4 � p�2p�4; and p2p4 þ p�2p�4

all have rank 1 (since the term 1=p2 is treated as a parameter,
thus of degree 1). If M ¼ 3, we pick the first three terms to be in
our canonical set. Note that, if negative parameters were feasible,
then the first, second, and fourth terms could also be our
canonical set. However, any other choice would leave out some
parameter.

Step 3: Extract only the functions of the parameter vector p.

Definition. This set of simplified elements, i.e. qiðpÞ , is called the
simplified canonical set.

In our example, p2p3;
p1
p2
; and p2p4 are in the simplified canonical

set. Notice the choice of p2p4 � p�2p�4, as opposed to p2p4 þ p�2p�4,
does not affect our simplified canonical set since only the portion
in p is used. The parameter combinations in the simplified
canonical set become our new parameters.

Step 4: Attempt to reparameterize the input–output (4.1) in terms
of the simplified canonical set.

Since the set of simplest combinations may not be unique
(as exemplified in the Nonlinear 2-Compartment Model, Exam-
ple 1), there may exist more than one possible reparameteriza-
tion. However, a polynomial reparameterization is always
preferred, if possible, over a rational reparameterization, as will
be discussed in the Nonlinear 2-Compartment Model example.
Step 5: Verify the injectivity condition of the model.
This step is a mathematical formality and is discussed in Theorem
1. It will be shown that decoupled elements correspond to global
identifiability, whereas decoupled factors correspond to local
identifiability.
Step 6: Reparameterize our original system.

Remark. In nearly all our examples, the reparameterization of
the original system can be done by simple algebraic manipulation.
A more systematic reparameterization could be done with a
Gröbner Basis, similar to our reparameterization of the input–
output coefficients (described in Lemma 1 below), followed by a
scaling of the state variables to eliminate old parameters.
However, there are models where rational reparameterization
may not be possible, as shown in the Linear 4-Compartment
Model (Example 3) below.

We now examine how and when this algorithm works. First
we examine why Steps 1 and 2 work, i.e. why we can pick (at
least) M identifiable combinations from the Gröbner Bases.
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Proposition. Let G be the set of all P! Gröbner Bases, for all rankings.
Then G contains at least M identifiable parameter combinations. In
other words, we can always decouple at least M combinations from
the Gröbner Bases, thus rendering these combinations identifiable.

Proof. We know there exists at least M ¼ P � s identifiable combi-
nations because there are at least M coefficients of the input–out-
put equations, which are known to be identifiable. So there exists
M identifiable combinations of the form qiðpÞ, where qiðpÞ is a
rational function in p. Since the Gröbner Basis contains polynomial
equations in p;p�, we claim it must contain qiðpÞ � qiðp�Þ as a factor
of one of our terms. Assume, for a contradiction, that it does not.
Since a Gröbner Basis is a solution to our exhaustive summary, this
means that we do not have qiðpÞ � qiðp�Þ as a solution, which
means that is not identifiable, which provides a contradiction.
Thus, each identifiable combination must appear as a factor in
some Gröbner Basis, for some ranking. Since we always have the
prescribed solution, p ¼ p�, then a decoupled element
qiðpÞ � qiðp�Þ ¼ 0 implies identifiability, and vice versa. Thus we
can decouple at least M combinations from the Gröbner Bases, thus
rendering these combinations identifiable. h

This proposition shows we can always find at least M identifi-
able combinations from the Gröbner Bases. For our canonical set,
we choose the simplest M identifiable combinations. Since we
want to reparameterize the input–output equations in terms of
this set, we want to choose combinations that are not functions
of each other. Based on our testing of the algorithm, we conjecture
that we can always find M algebraically independent identifiable
combinations from the Gröbner Bases. Algebraic independence
means that no element can be written as an algebraic combination
of the other elements over R. In practice, we can establish algebraic
independence using polynomial division, for example using the
PolynomialReduce function in Mathematica, or more generally
using a Gröbner Basis.

Assumption. The canonical set is a set of algebraically indepen-
dent elements (over R.)

Now we examine when Step 4 works. Let ciðp1; . . . ; ppÞ;
i ¼ 1; . . . ; l; l P M, be the parameter-dependent coefficients of the
input–output relations. The exhaustive summary (and therefore,
the input–output coefficients) can always be written in terms its
Gröbner Basis fG1; . . . ; Gkg, in any rank ordering, by definition. In
other words, we can always rewrite the coefficients
ciðp1; . . . ; ppÞ; i ¼ 1; . . . ; l in terms of fG1; . . . ; Gkg. The problem is
that the coefficients may not be combinations in the variables
fG1; . . . ; Gkg alone (specifically, our ring RðpÞ includes the parame-
ters and real numbers, so we may have a reparameterization in
terms of fG1; . . . ; Gkg over RðpÞ but not necessarily over R). Thus
part of the difficulty lies in choosing combinations so that we
can reparameterize the coefficients only over the real numbers.

Let the canonical set have the form fq1ðp1; . . . ; ppÞ�
q1ðp�1; . . . ; p�pÞ; . . . ; qMðp1 . . . ppÞ � qMðp�1; . . . ; p�pÞg. Let the combina-
tions chosen, the simplified canonical set, be denoted
fq1ðp1; . . . ; ppÞ; . . . ; qMðp1; . . . ; ppÞg. Now we examine when one
can reparameterize the coefficients in terms of the simplified
canonical set. We use a variation of the method from Shannon
and Sweedler [22]. Take the Gröbner Basis of the following set:

fĉ1 � c1ðp1; . . . ; ppÞ; . . . ; ĉl � clðp1; . . . ; ppÞ; q̂1

� q1ðp1; . . . ; ppÞ; . . . ; q̂M � qMðp1; . . . ; ppÞg ð5:2Þ

with the ranking fp1; . . . ; pp; q̂1; . . . ; q̂M ; ĉ1; . . . ; ĉlg. Here ĉ1; . . . ; ĉl

and q̂1; . . . ; q̂M are tag variables, i.e. variables introduced in order
to eliminate other variables [22]. We denote this Gröbner Basis Ĝ.
Then we take the elements of Ĝ involving only ĉ1; . . . ; ĉl and

q̂1; . . . ; q̂M , set them to zero and solve for ĉ1; . . . ; ĉl. This gives a solu-
tion for the coefficients in terms of the new parameters. To con-
struct a predicate that determines whether a given coefficient can
be reparameterized, we do this one step at a time, i.e. include only
one ĉi � ciðp1; . . . ; ppÞ expression in (5.2).

fĉi � ciðp1; . . . ; ppÞ; q̂1 � q1ðp1; . . . ; ppÞ; . . . ; q̂M

� qMðp1; . . . ; ppÞg ð5:3Þ

We find the Gröbner Basis of (5.3) for each ciðp1; . . . ; ppÞ;1 6 i 6 l, in
order the get the entire solution for ĉ1; . . . ; ĉl as described above.
We find the following necessary and sufficient conditions for a un-
ique rational reparameterization.

Lemma 1. A unique rational reparameterization for a coefficient
ĉi ¼ ciðp1; . . . ; ppÞ in terms of the simplified canonical set exists if and
only if the Gröbner Basis Ĝ contains a linear polynomial
f ðq̂1; . . . ; q̂MÞ � gðq̂1; . . . ; q̂MÞĉi with no dependency on p1; . . . ; pp,
possibly raised to a higher power.

Proof. Assume that there exists a unique rational reparameteriza-
tion for the coefficient ĉi. Then without loss of generality, ĉi is of the
form ĉi ¼ f ðq̂1; . . . ; q̂MÞ=gðq̂1; . . . ; q̂MÞ, where f and g are polynomi-
als. Then f ðq̂1; . . . ; q̂MÞ � gðq̂1; . . . ; q̂MÞĉi ¼ 0. Now a Gröbner Basis
of the set (5.3) would have the following order of terms: terms only
in ĉi, followed by terms in ĉi and q̂j, followed by terms in ĉi; q̂j, and
pk, where 1 6 j 6 M;1 6 k 6 P. Since ĉi ¼ ciðp1; . . . ; ppÞ, we will not
have terms only in ĉi. Thus our first elements of the Gröbner Basis
will be terms in ĉi and q̂j. Assume, by contradiction, that no such
term exists in the Gröbner Basis. However, we know that
f ðq̂1; . . . ; q̂MÞ � gðq̂1; . . . ; q̂MÞĉi ¼ 0. Thus, a Gröbner Basis would
have to include a function only in ĉi and q̂j because this means that
the pk can be eliminated. Thus a term involving only ĉi and
q̂j;1 6 j 6 M, does exist in our Gröbner Basis. The question is
whether the term is precisely f ðq̂1; . . . ; q̂MÞ � gðq̂1; . . . ; q̂MÞĉi.Let
hðĉi; q̂Þ be the polynomial in the Gröbner Basis, where
q̂ ¼ ðq̂1; . . . ; q̂MÞ. If hðĉi; q̂Þ is linear in ĉi, then we are done. Other-
wise, hðĉi; q̂Þ is of higher order in ĉi. Then there will be possibly
multiple roots in ĉi. However, there is a unique rational reparame-
terization for the coefficient ĉi, so there cannot be multiple distinct
roots. Likewise there cannot be an infinite number of solutions in
ĉi, or else a ĉj would have to appear as a free parameter. If there
were no solutions in ĉi , then ĉi would not appear in hðĉi; q̂Þ, but
we have already established that h is a function of both ĉi and q̂.
Thus the only other possibility is that there are repeated roots,
i.e. that hðĉi; q̂Þ is of the form ðf ðq̂1; . . . ; q̂MÞ � gðq̂1; . . . ; q̂MÞĉiÞa,
where a is a positive integer. Thus the Gröbner Basis contains a lin-
ear polynomial f ðq̂1; . . . ; q̂MÞ � gðq̂1; . . . ; q̂MÞĉi with no dependency
on p1; . . . ; pp, possibly raised to a higher power.

Now assume that the Gröbner Basis contains a linear polyno-
mial f ðq̂1; . . . ; q̂MÞ � gðq̂1; . . . ; q̂MÞĉi, possibly raised to a higher
power, with no dependency on p1; . . . ; pp. Solving for ĉi, we get that
ĉi ¼ f ðq̂1; . . . ; q̂MÞ=gðq̂1; . . . ; q̂MÞ. This is a rational reparameteriza-
tion of ĉi. Assume this reparameterization is not unique, i.e. there
exists another such polynomial ~hðĉi; q̂Þ in the Gröbner Basis. If
~hðĉi; q̂Þ is not a power of f ðq̂1; . . . ; q̂MÞ � gðq̂1; . . . ; q̂MÞĉi, then there
are other solutions for ĉi appearing in other Gröbner Basis
elements. However, this violates the form of a Gröbner Basis, for
if there were another solution for ĉi, it must appear as a product
with f ðq̂1; . . . ; q̂MÞ � gðq̂1; . . . ; q̂MÞĉi. Thus the reparameterization is
unique. h

This lemma is more of a mathematical description of what it
means to reparameterize, and can be thought of as a test, not an
a priori condition on whether a simplified canonical set allows
reparameterization of the coefficients of the input–output
equations.

64 N. Meshkat et al. / Mathematical Biosciences 222 (2009) 61–72



Author's personal copy

Once the coefficients have been reparameterized, we can exam-
ine identifiability as in Step 5. Since we have decreased the number
of parameters from P to P � s, local or global identifiability will
result.

Lemma 2. Let s be the number of free parameters. Let p1; . . . ; pp be
the parameters. If the coefficients can be rationally reparameterized in
P � s variables, then the injectivity condition yields global or local
identifiability (one or finitely many solutions).

Proof. We have that the canonical set contains algebraically inde-
pendent elements. Since we have mapped the coefficients from P
algebraically independent parameters to P � s algebraically inde-
pendent parameters, there are no longer any free parameters. Thus
if we set cðpÞ ¼ cðp�Þ, one or finitely many solutions should result.
We rule out the case of no solution because we always have the
prescribed solution p�1; . . . ; p�p. h

One should note that since we have reparameterized in terms of
identifiable combinations, the injectivity condition automatically
results in identifiability.

These two lemmas lead us to the following theorem:

Theorem 1. Suppose we have a model described by (2.1), for which
we determine the canonical set Q and the associated simplified
canonical set q as described, such that jQ j ¼ P � s. If Ĝ contains a
linear polynomial f ðq̂1; . . . ; q̂MÞ � gðq̂1; . . . ; q̂MÞĉi for each
ciðp1; . . . ; ppÞ 2 cðpÞ, possibly raised to a higher power, then there
exists a unique rational reparameterization of cðpÞ in terms of q and
the simplified canonical set q is identifiable. Moreover, if the canonical
set Q corresponds to entire elements from the Gröbner Bases G, then
global identifiability results. If elements of the canonical set came from
factors of elements of Gröbner Bases, then local identifiability
results.

Proof. Lemmas 1 and 2 give identifiability. The task is to show that
we get a unique solution when only entire elements of the Gröbner
Bases are used. The canonical set provides a solution set for
q1ðp1; . . . ; ppÞ; . . . ; qMðp1; . . . ; ppÞ. Moreover, each element in the
canonical set is a linear expression in q1ðp1; . . . ; ppÞ; . . . ;

qMðp1; . . . ; ppÞ, by construction. Thus there is only one solution for
q1ðp1; . . . ; ppÞ; . . . ; qMðp1; . . . ; ppÞ, since if any other solution existed,
it would have to appear as a Gröbner Basis element. In other words,
our solution would have to appear as a factor in another Gröbner
Basis term, which violates our assumption. Thus the reparameter-
ized coefficients in the exhaustive summary must have only one
solution for the q1ðp1; . . . ; ppÞ; . . . ; qMðp1; . . . ; ppÞ. If we take a factor
of a Gröbner Basis element in the canonical set, then we see that the
q1ðp1; . . . ; ppÞ; . . . ; qMðp1; . . . ; ppÞmay have multiple roots and thus
the reparameterized exhaustive summary should also contain mul-
tiple roots. h

We now focus again on Step 4 of our algorithm, the reparameter-
ization of the coefficients of the input–output equations by the sim-
plified canonical set. We would like to examine the mathematical
properties of a canonical set that permits this reparameterization.
Since the canonical set was formed from the Gröbner Bases of the
ideal generated by the exhaustive summary, it is natural to then
examine the ideal generated by the canonical set. When the canon-
ical set contains simplified decoupled elements (not factors) of the
Gröbner Bases, then the ideal generated by the canonical set is the
same as the ideal generated by the exhaustive summary. To simplify
the notation, let p ¼ ðp1; . . . ; ppÞ; ðd1ðp;p�Þ; . . . ; dlðp;p�ÞÞ, be the
exhaustive summary, and Q ¼ fQ 1ðp;p�Þ; . . . ; QMðp;p�Þg be the
canonical set.

Theorem 2. Let Q ¼ fQ1ðp;p�Þ; . . . ; QMðp;p�Þg be a canonical set
that can rationally reparameterize coefficients cjðp1; . . . ; ppÞ;1 6 j 6 l

Further assume that each element of Q is the decoupled form of an
element from a Gröbner Basis G of the exhaustive summary.

Then, the Gröbner Basis of Q is the same as some Gröbner Basis G of
the exhaustive summary for a given ranking. That is, their ideals are
congruent:

ðd1ðp;p�Þ; . . . ; dlðp;p�ÞÞ ¼ ðQ1ðp;p�Þ; . . . ; QMðp;p�ÞÞ

Proof. Let C and B be the algebraic set of zeros of the exhaustive
summary and the canonical set, respectively:

C ¼ fpjdjðp;p�Þ ¼ 0;1 6 j 6 lg;
B ¼ fpjQiðp;p�Þ ¼ 0;1 6 i 6 Mg

Let an element of a Gröbner Basis G be denoted as Gk. It is clear that
the algebraic set of each basis element Gk contains C, since C is the
intersection of algebraic sets of all basis vectors in a Gröbner Basis
G. On the other hand, the canonical set Q contains a subset of ele-
ments from the Gröbner Bases of the exhaustive summary, so its
algebraic set B is an intersection of sets containing C. Thus B con-
tains C.

Now assume there is a root from B that C does not contain, call
it ~p ¼ ð~p1; . . . ; ~ppÞ. Then Qið~p;p�Þ ¼ 0 for all Qi 2 Q . Let djðp;p�Þ be
the exhaustive summary. Since the coefficients can be reparame-
terized, we have djð~p;p�Þ¼djðQ1ð~p;p�Þ; ...;Qið~p;p�Þ; ...;QMð~p;p�ÞÞ¼0
for 16j6l, thus ~p¼ð~p1; ...;~ppÞ is a root of the exhaustive summary,
so ~p is in C. Thus contains B.

Therefore, C ¼ B and the Gröbner Basis of Q is the same as the
Gröbner Basis of the exhaustive summary. It then follows that the
ideal spanned by the canonical set is equal to the ideal spanned by
the exhaustive summary. h

If instead, factors of Gröbner Basis elements are used, we have
the following corollary.

Corollary. Let Q ¼ fQ1ðp;p�Þ; . . . ; QMðp;p�Þg be a canonical set that
can rationally reparameterize coefficients cjðp1; . . . ; ppÞ;1 6 j 6 l such
that some Qi 2 Q is a factor of an element in a Gröbner Basis G of the
exhaustive summary.

Then the ideal generated by the exhaustive summary is contained
in the ideal generated by the canonical set:

ðd1ðp;p�Þ; . . . ; dlðp;p�ÞÞ � ðQ1ðp;p�Þ; . . . ; QMðp;p�ÞÞ

Proof. In this case, the algebraic set of zeros of the exhaustive
summary C contains the algebraic set of zeros of the canonical
set B. Thus, the ideal generated by the exhaustive summary is a
subset of the ideal generated by the canonical set. h

Thus reparameterizability of the coefficients of the input–out-
put equations (equivalently, the exhaustive summary) by the
canonical set implies the ideal generated by the canonical set must
be at least as big as the ideal generated by the exhaustive
summary.

In summary, we have found sufficient conditions for the local or
global identifiability of new parameter combinations (Theorem 1).
In addition, we have found necessary conditions for reparameteriz-
ability of the coefficients of the input–output equations in terms of
the (simplified) canonical set (Theorem 2).

Since our algorithm is simply extending the functionality of
DAISY, it can be used on the same class of problems. Thus it can
be used for linear or nonlinear models with rational terms. We
have provided examples of our extended algorithm for linear and
nonlinear compartmental models and other types as well.
Although we have only provided examples with zero initial condi-
tions, models with nonzero initial conditions can be handled with
the DAISY algorithm [15] to obtain the input–output equations,
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and then our algorithm can be implemented once the exhaustive
summary is obtained.

6. Case study

Classic Unidentifiable Linear 2-Compartment Model (Fig. 1).

_x1 ¼ �ðk01 þ k21Þx1 þ k12x2 þ u
_x2 ¼ k21x1 � ðk02 þ k12Þx2

y ¼ x1

v

Definitions:
x1; x2 state variables
u input
y output
k01; k02; k12; k21;v unknown parameters.
We perform Ritt’s pseudodivision algorithm to get an equation

purely in terms of input/output and parameters:

v€yþ ðk01 þ k21 þ k12 þ k02Þv _y� ðk12k21 � ðk12 þ k02Þðk01 þ k21ÞÞvy

� ðk12 þ k02Þu� _u ¼ 0

Thus our coefficients are:

v
ðk01 þ k02 þ k12 þ k21Þv
ðk01k02 þ k01k12 þ k02k21Þv
k12 þ k02

ð6:1Þ

We then set cðpÞ � cðp�Þ ¼ 0 , where p ¼ fk01; k02; k12; k21;vg and
p� ¼ fa; b; c; d; �g:

v � � ¼ 0
k01v þ k02v þ k12v þ k21v � a�� b�� c�� d� ¼ 0
k01k02v þ k01k12v þ k02k21v � ab�� bc�� ad� ¼ 0
k02 þ k12 � b� d ¼ 0

We then solve these equations to get:

k21 ¼ aþ d� ak02

k02�b� c
þ ab

k02�b� c
� dk02

k02�b�c
þ bd

k02�b� c
þ ac

k02�b� c

k01 ¼
ak02�abþ dk02�bd�ac

k02�b� c
k12 ¼�k02þbþ c
v ¼ �

Here only v is identifiable, so our system is unidentifiable. This is
where differential algebra methods terminate, including the one
in DAISY [15]. We take this result a step further and find combina-
tions of parameters that yield a unique solution.

We now find Gröbner Bases for the system cðpÞ � cðp�Þ ¼ 0
using different rankings. To form a complete set of Gröbner Basis
elements, we try the following rankings of parameters, found by
shifting the ordering: fk01; k02; k12; k21;vg; fk02; k12; k21;v ; k01g; . . . ;

fv; k01; k02; k12; k21g. They are:

fv � �;�k12k21�þ cd�; k02 þ k12 � b� d; k01�þ k21�� a�� c�g;
fv � �; k01k12�� k12a�� k12c�þ cd�; k01�þ k21�� a�� c�;

k02 þ k12 � b� dg;
f�k01k02�þ k02a�þ k01b�� ab�þ k02c�� bc�þ k01d�� ad�;

v � �; k02 þ k12 � b� d; k01�þ k21�� a�� c�g;
fk02k21�� k21b�� k21d�þ cd�; k01�þ k21�� a�� c�;v � �;

k02 þ k12 � b� dg;
f�k12k21�þ cd�; k02 þ k12 � b� d; k01�þ k21�� c�;v � �g

As previously discussed, we pick the elements that can be decou-
pled (e.g. by dividing by elements in p�):

fv � �;�k12k21�þ cd�; k02 þ k12 � b� d; k01�þ k21�� a�� c�g

We then form the identifiable set by decoupling these elements:

fv � �;�k12k21 þ cd; k02 þ k12 � b� d; k01 þ k21 � a� cg

We now pick the canonical set. In general, we choose the M ‘sim-
plest’ elements, i.e., with the lowest degree and fewest number of
terms (in p). Here M ¼ P � s ¼ 5� 1 ¼ 4. Our canonical set, in this
case, turns out to be identical to the identifiable set:

fv � �;�k12k21 þ cd; k02 þ k12 � b� d; k01 þ k21 � a� cg

Then the simplified canonical set is:

q1 ¼ v
q2 ¼ �k12k21

q3 ¼ k02 þ k12

q4 ¼ k01 þ k21

Now we find the Gröbner Basis bG for each coefficient and find the
following reparameterization of (6.1):

q1

q1q3 þ q1q4

q1q2 þ q1q3q4

q3

This confirms that our original input–output coefficients are
spanned by the elements we chose.

We now test the injectivity condition, i.e. set these new coeffi-
cients equal to those with fq1; q2; q3; q4g replaced with symbolic
values fh;l;p;qg.

q1 � h

q1q3 þ q1q4 � hp� hq
q1q2 þ q1q3q4 � hl� hpq
q3 � p

We solve the system via the Buchberger Algorithm and get a unique
solution for fq1; q2; q3; q4g.

Thus, the globally identifiable combinations found are:
v
k12k21

k02 þ k12

k01 þ k21

Notice that these combinations could be obtained from a single
Gröbner Basis alone. This is not true in general, as we see in the next
example.

x1 x2

k21

k12

k01 k02

yu

Fig. 1. Classic Unidentifiable Linear 2-Compartment Model.
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Now, we reparameterize our original system as:

_x1 ¼ �q4x1 þ k12x2 þ u

_x2 ¼
q2

k12
x1 � q3x2

y ¼ x1

q1

We see that k12 still appears in our system. One way to fix this is to
introduce a new variable, x02 ¼ k12x2, and our system has only glob-
ally identifiable parameters:

_x1 ¼ �q4x1 þ x02 þ u
_x02 ¼ q2x1 � q3x02

y ¼ x1

q1

7. Examples

Example 1. Nonlinear 2-Compartment Model
The following example is taken from Saccomani et al. [14] (

Fig. 2).

_x1 ¼ � k21 þ
VM

KM þ x1

� �
x1 þ k12x2 þ b1u

_x2 ¼ k21x1 � ðk02 þ k12Þx2

y ¼ c1x1

x1ð0Þ ¼ 0
x2ð0Þ ¼ 0

Definitions:
x1; x2 state variables
u input
y output
k21; k12;VM ;KM; k02; c1; b1 unknown parameters.
For p ¼ fk21; k12;VM;KM; k02; c1; b1g and p� ¼ fa; b; c; d; �; f;gg,

we get the following solution:

VM ¼
cf
c1

k21 ¼ a
k12 ¼ b

b1 ¼
fg
c1

k02 ¼ �

KM ¼
df
c1

Here, k21; k12; k02 are identifiable, while VM; b1;KM ; c1 are unidentifi-
able. It is easy to see that an identifiable set of solutions is formed
by cross-multiplying, to obtain fc1VM ; k21; k12; b1c1; k02; c1KMg.

The input–output equation is of the form:

�b1c3
1K2

M
_u�2b1c2

1Km _uy�b1c1 _uy2þc2
1K2

M
€yþ2c1KM€yyþ€yy2

þðc2
1k02K2

Mþc2
1k12K2

Mþc2
1k21K2

Mþc2
1KMVMÞ _yþð2c1k02KM

þ2c1k12KMþ2c1k21KMÞ _yyþðk02þk12þk21Þ _yy2�ðb1c3
1k02K2

M

þb1c3
1k12K2

MÞu�ð2b1c2
1k02KMþ2b1c2

1k12KMÞuy�ðb1c1k02

þb1c1k12Þuy2þðc2
1k02k21K2

Mþc2
1k02kMVMþc2

1k12KMVMÞy
þð2c1k02k21KMþc1k02VMþc1k12VMÞy2þk02k21y3¼0

We now form the exhaustive summary and find the Gröbner
Bases in the seven shifted orderings of fk21; k12;VM;KM ; k02;

c1; b1g. We pick the simplest identifiable combinations, which are
fq1 ¼ c1VM; q2 ¼ k21; q3 ¼ k12; q4 ¼ b1c1; q5 ¼ k02; q6 ¼ c1KMg, repa-
rameterize the input–output coefficients in terms of these, form
the exhaustive summary, and solve to get a unique solution for
fc1VM ; k21; k12; b1c1; k02; c1KMg. Thus we have found our simplified
canonical set.

One should note that, in this example, a different set of simplest
identifiable combinations could be chosen. We could replace c1KM

with VM=KM since this term appears in a Gröbner Basis and still has
rank 1, but this term reparameterizes our (polynomial) coefficients
of the input–output equation as rational functions, which is less
computationally convenient than polynomials. Notice division of
c1VM with c1KM provides VM=KM , so it is not surprising a Gröbner
Basis contained this term.

We then checked if the canonical set can be obtained from a
single Gröbner Basis. We tried all 7!=5040 permutations of the
parameters (using numerical values for p� to speed up computa-
tion time [15]) and we found no single Gröbner Basis contained the
canonical set. At most, a single Gröbner Basis had 4 of the 6
elements.

Now we reparameterize our original system. Let x01 ¼ c1x1 and
x02 ¼ c1x2. Then our system becomes:

_x01 ¼ � q2 þ
q1

q6 þ x01

� �
x01 þ q3x02 þ q4u

_x02 ¼ q2x01 � ðq3 þ q5Þx02
y ¼ x01
x01ð0Þ ¼ 0
x02ð0Þ ¼ 0

Example 2. Linear 3-Compartment Model ( Fig. 3).

_x1 ¼ k13x3 þ k12x2 � ðk21 þ k31Þx1 þ u
_x2 ¼ k21x1 � ðk12 þ k02Þx2

_x3 ¼ k31x1 � ðk13 þ k03Þx3

y ¼ x1

v

x1 x2

k21 

k12

VM /(KM + x1) k02

yu

Fig. 2. Nonlinear 2-Compartment Model.

x1 x3

k31 

k13

k02 k03

yu

x2

k21

k12

Fig. 3. Linear 3-Compartment Model.
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Definitions:
x1; x2; x3 state variables

u input

y output

k12; k21; k13; k31; k02; k03;v unknown parameters

For p ¼ fk02; k12; k21; k31; k13; k03;vg and p� ¼ fa; b; c; d; �; f;gg,
we get the following solutions:

k03 ¼
k21aþ k21b� ac� ad� bd

k21 � c� d

k13 ¼
�bc

k21 � c� d

k02 ¼
k21aþ k21b� bc

k21

k31 ¼ �k21 þ cþ d

k12 ¼
bc
k21

v ¼ g

or

k03 ¼
k21�� c�þ k21f� cf� df

k21 � c� d

k13 ¼
�d�

k21 � c� d

k02 ¼
k21�� d�þ k21f

k21

k31 ¼ �k21 þ cþ d

k12 ¼
d�
k21

v ¼ g

Here only v is identifiable. The input–output equation is of the
form:

ðk02k03þk03k12þk02k13þk12k13Þuþðk02þk03þk12þk13Þ _u
þ€u�ðk02k03k21þk02k13k21þk02k03k31þk03k12k31Þvy

�ðk02k03þk03k12þk02k13þk12k13þk02k21þk03k21þk13k21

þk02k31þk03k31þk12k31Þv _y�ðk02þk03þk12þk13þk21þk31Þv€y

�v y
v
¼0

We now form the exhaustive summary and find the Gröbner Bases
in the seven shifted orderings of fk02; k12; k21; k31; k13; k03;vg. In this
case, most of our Gröbner Basis elements are quadratic, but our
coefficients of the input–output equation are multilinear, thus we
take factors of the Gröbner Basis elements. We pick the simplest
identifiable combinations, which are fq1¼v ;q2¼k12k21;q3¼k13k31;

q4¼k02þk12;q5¼k03þk13;q6¼k21þk31g, reparameterize the input–
output coefficients in terms of these, form the exhaustive summary,
and solve to get two distinct solutions. This is due to the symmetry
of the problem. In particular, only v and k21þk31 are globally
identifiable.

Note that the inspection method gives us the following globally
identifiable parameter combinations:

v
k02k03 þ k03k12 þ k02k13 þ k12k13

k02 þ k03 þ k12 þ k13

k02k03k21 þ k02k13k21 þ k02k03k31 þ k03k12k31

k02k21 þ k03k21 þ k13k21 þ k02k31 þ k03k31 þ k12k31

k21 þ k31

Since these are complicated expressions, we cannot reparameterize
our original equations over them. However, one could reparameter-

ize using the companion matrix form with these parameter combi-
nations. We will see this done in the following example.

Now we reparameterize our original system using our simpli-
fied canonical set. Let x02 ¼ k12x2 and x03 ¼ k13x3. Then our original
system becomes:

_x1 ¼ x03 þ x02 � q6x1 þ u
_x02 ¼ q2x1 � q4x02
_x03 ¼ q3x1 � q5x03

y ¼ x1

q1

Example 3. Linear 4-Compartment Model

The following example from Evans and Chappell [5] describes
the pharmacokinetics of bromosulphthalein. They find a reparam-
eterization to make the model structurally locally identifiable [5].
We solve a related problem, with a more general input uðtÞ rather
than an initial condition, and attempt to make the model struc-
turally globally identifiable by a reparameterization ( Fig. 4).

_x1 ¼ �a31x1 þ a13x3 þ u
_x2 ¼ �a42x2 þ a24x4

_x3 ¼ a31x1 � ða03 þ a13 þ a43Þx3

_x4 ¼ a42x2 þ a43x3 � ða04 þ a24Þx4

y1 ¼ x1

y2 ¼ x2

Definitions:
x1; x2; x3; x4 state variables
u input
y1; y2 output
a03; a04; a13; a24; a31; a42; a43 unknown parameters
For p ¼ fa03; a04; a13; a24; a31; a42; a43g and p� ¼ fa; b; c; d; �; f;gg,

we get the following solutions:

a04 ¼
1
2

bþ dþ f� dg
a43
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4a2

43bfþð�a43b�a43d�a43fþ dgÞ2
q

a43

0
@

1
A

a42 ¼ a43bþ a43dþ a43f� dg�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4a2

43bfþð�a43b� a43d� a43fþ dgÞ2
q

2a43

a03 ¼�a43þaþg

a24 ¼
dg
a43

x1 x3

a31

a13
a43

y1u

x2 x4

a03

a04
a42

a24

y2

Fig. 4. Linear 4-Compartment Model.
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a31 ¼ �
a13 ¼ c

Here only a31 and a13 are identifiable. The input–output equations
are of the form:

a13€y2 þ ða42a13 þ a13a04 þ a13a24Þ _y2 þ a13a42a04y2

� a43a24 _y1 � a43a31a24y1 þ a24a43u ¼ 0
€y1 þ ða31 þ a03 þ a13 þ a43Þ _y1 þ ða31a03 þ a31a43Þy1

� _uþ ða03 þ a13 þ a43Þu ¼ 0

The first input–output equation is made monic by dividing by
a24a43. We now form the exhaustive summary and find the Gröbner
Bases in the seven shifted orderings of fa03; a04; a13; a24; a31; a42; a43g.
We pick the simplest identifiable combinations, which are fq1 ¼ a13;

q2 ¼ a31; q3 ¼ a04a42;q4 ¼ a24a43; q5 ¼ a03 þ a43;q6 ¼ a04 þ a24 þ a42g,
reparameterize the input–output coefficients in terms of these, form
the exhaustive summary, and solve to get a unique solution for
fa13; a31; a04a42; a24a43; a03 þ a43; a04 þ a24 þ a42g. Thus we have found
our simplified canonical set, which agrees with the identifiable com-
binations found in [5]. However, our method guarantees the global
identifiability of these parameter combinations, while Evans and
Chappell can only show (at least) local identifiability using their ap-
proach [5].

Even though the input–output equations can be rationally
reparameterized, the original equations cannot be rationally
reparameterized. The reparameterization involves the square root
function, as described in Evans and Chappell [5]. Thus we see that
input–output reparameterization is only a necessary condition for
the original system to be reparameterized.

Alternatively, we can always reparameterize our model using
the normal canonical (companion matrix) form. Let y1 ¼ v1;
_y1¼ _v1¼v2;y2¼v3; _y2¼ _v3¼v4;u¼u1; _u1¼u2. Then the input–
output equations become:
_v1 ¼ v2

_v2 ¼ �ðq1 þ q2 þ q5Þv2 � q2q5v1 þ u2 � ðq1 þ q5Þu1

_v3 ¼ v4

q1 _v4 ¼ �q1q6v4 � q1q3v3 þ q4v2 þ q2q4v1 � q4u1

y1 ¼ v1

y2 ¼ v3

Example 4. Nonlinear SIR (Susceptible Infected Recovered) Model

This model was taken from Capasso [23].

_S ¼ lN � S lþ b
N

I
� �

_I ¼ I
b
N

S� ðlþ mÞ
� �

y ¼ kl

Definitions:
S; I state variables
y output
k;N;l; m; b unknown parameters
For p ¼ fk;N;l; m; bg and p� ¼ fa; f; c; d; �g, we get the following

solution:

k ¼ af
N

m ¼ d

b ¼ �
l ¼ c

Here, m;b;l are identifiable, while k and N are unidentifiable. It is
easy to see that an identifiable set of solutions is formed by cross-
multiplying, to obtain {kN,m,b,l}.

The input–output equation is of the form:

ð�bkNlþ kNl2 þ kNlmÞy2 þ ðblþ bmÞy3 þ kNly _yþ by2 _y� kN _y2

þ kNy€y ¼ 0

The input–output equation is made monic by dividing by kN. We
now form the exhaustive summary and find the Gröbner Bases in
the five shifted orderings of fk;N;l; m;bg. We pick the simplest
identifiable combinations, which are fq1 ¼ kN; q2 ¼ m; q3 ¼ b;
q4 ¼ lg, reparameterize the input–output coefficients in terms of
these, form the exhaustive summary, and solve to get a unique solu-
tion for fkN; m;b;lg. Thus we have found our simplified canonical
set.

Now we reparameterize our original equations. Let I0 ¼ kI and
S0 ¼ kS. Then our system becomes:

_S0 ¼ q1q4 � S0 q4 þ
q3

q1
I0

� �

_I0 ¼ I0
q3

q1
S0 � ðq2 þ q4Þ

� �

y ¼ I0

Example 5. Nonlinear Model with Rational Identifiable Parameter
Combination

The following is taken from Margaria et al. [24].

_x1 ¼ p1x1 � p2x1x2

_x2 ¼ p3x2ð1� p4x2Þ þ p5x1x2

y1 ¼ x1

Definitions:
x1; x2 state variables
y1 output
p1; p2; p3; p4; p5 unknown parameters
For p ¼ fp1; p2; p3; p4; p5g and p� ¼ fa; b; c; d; �g, we get the

following solution:

p1 ¼ a

p3 ¼ c

p4 ¼ dp2=b

p5 ¼ �

Here p1; p3;p5 are identifiable while p2;p4 are unidentifiable. It is
easy to see that an identifiable set of solutions is formed by cross-
multiplying, to obtain fp1;p3;p5; p4=p2g.

The input–output equation is of the form:

p2y€yþ ð�p2 þ p3p4Þ _y2 þ ð�2p1p3p4 � p2p3Þ _yy� p2p5 _yy2

þ ðp2
1p3p4 þ p1p2p3Þy2 þ p1p2p5y3 ¼ 0

The input–output equation is made monic by dividing by p2. We
now form the exhaustive summary and find the Gröbner Bases in
the five shifted orderings of fp1; p2;p3;p4; p5g. We pick the simplest
identifiable combinations, which are fq1 ¼ p1; q2 ¼ p3; q3 ¼ p5;

q4 ¼ p4=p2g, reparameterize the input–output coefficients in terms
of these, form the exhaustive summary, and solve to get a unique
solution for fp1;p3;p5; p4=p2g. Thus we have found our simplified
canonical set.

Now we reparameterize our original system. Let x02 ¼ p2x2. Then
our original system becomes:

_x1 ¼ q1x1 � x1x02

_x02 ¼ q2x02ð1� q4x02Þ þ q3x1x02

y1 ¼ x1
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Example 6. Nonlinear HIV/AIDS Model

The following four-dimensional HIV/AIDS model is taken from
Saccomani and Bellu [21].

_x ¼ �bx1x4 � dx1 þ s
_x2 ¼ bq1x1x4 � k1x2 � l1x2

_x3 ¼ bq2x1x4 þ k1x2 � l2x3

_x4 ¼ �cx4 þ k2x3

y1 ¼ x1

y2 ¼ x4

Definition:
x1; x2; x3; x4 state variables
y1; y2 output
b; d; s;l2; c;l1; k1; q1; k2; q2 unknown parameters
For p ¼ fb; d; s;l2; c;l1; k1; q1; k2; q2g and, p� ¼ fa; k; c; d; �; f;

g; h; i;jg we get the following solutions:

q1 ¼
hig
k1k2

; d ¼ k; s ¼ c; l1 ¼ �k1 þ fþ g; c ¼ d;

l2 ¼ �; q2 ¼
ij
k2
; b ¼ a

q1 ¼
hig
k1k2

; d ¼ k; s ¼ c; l1 ¼ �k1 þ fþ g; c ¼ �;
l2 ¼ d; q2 ¼

ij
k2
; b ¼ a

q1 ¼
�ijdþ ijfþ higþ ijg

k1k2
; d ¼ k; s ¼ c; l1 ¼ �k1 þ d;

c ¼ �; l2 ¼ fþ g; q2 ¼
ij
k2
; b ¼ a

q1 ¼
�ijdþ ijfþ higþ ijg

k1k2
; d ¼ k; s ¼ c; l1 ¼ �k1 þ d;

c ¼ fþ g; l2 ¼ �; q2 ¼
ij
k2
; b ¼ a

q1 ¼
�ij�þ ijfþ higþ ijg

k1k2
; d ¼ k; s ¼ c; l1 ¼ �k1 þ �;

c ¼ d; l2 ¼ fþ g; q2 ¼
ij
k2
; b ¼ a

q1 ¼
�ij�þ ijfþ higþ ijg

k1k2
; d ¼ k; s ¼ c; l1 ¼ �k1 þ �;

c ¼ fþ g; l2 ¼ d; q2 ¼
ij
k2
; b ¼ a

The model is unidentifiable with only b;d; s globally identifiable
and c;l2 locally identifiable. We note that we have found six solu-
tions symbolically, however this example tested in DAISY results in
only three solutions using the pseudo-randomly generated numeri-
cal value fb;d; s;q1;k1;l1;q2;k2;l2; cg ¼ f8;7;13;12;3;6;13;16;
9;10g. Thus, symbolic calculations are generally preferred. After add-
ing initial conditions to the model, Saccomani and Bellu obtain that
b;d; s are globally identifiable and all the other parameters are locally
identifiable [21]. However, we can go further and, instead, reparam-
eterize the original model using parameter combinations, making it
locally identifiable without requiring additional initial conditions.

It is clear that by moving all the parameters to one side of the
equations, we have that q1k1k2 and l1 þ k1 are locally identifiable
parameter combinations and q2k2 is a globally identifiable param-
eter combination.

The input–output equations are of the form:

_y1 þ by1y2 þ dy1 � s ¼ 0

y
v

2 þ ðc þ k1 þ l1 þ l2Þ€y2 � bq2k2 _y2y1

þ ðck1 þ cl1 þ cl2 þ k1l2 þ l1l2Þ _y2

þ b2q2k2y1y2
2 þ bk2ðdq2 � k1q1 � k1q2 � l1q2Þy1y2

þ ð�bq2k2sþ ck1l2 þ cl1l2Þy2 ¼ 0

We now form the exhaustive summary and find the Gröbner Bases
in the 10 shifted orderings of fb;d; s;l2; c;l1; k1; q1; k2; q2g. We pick
the simplest identifiable combinations, which are fq1k1k2;d; s;
l1 þ k1; c;l2; q2k2;bg, reparameterize the input–output coefficients
in terms of these, form the exhaustive summary, and solve to get a
finite number of solutions for fq1k1k2;d; s;l1 þ k1; c;l2; q2k2;bg.
Thus we have found our simplified canonical set. Note that we
found local identifiability without using initial conditions. In partic-
ular, we find that fd; s; q2k2;bg are globally identifiable. Also, a ran-
dom ordering of the parameter vector p and P shifts of the ordering
do not necessarily find all M identifiable combinations for the
canonical set in this example. Thus it should be noted that even
though P shifts are often successful, P! rankings may still be re-
quired in order to find the entire canonical set.

Note that the inspection method gives us the following globally
identifiable parameter combinations:

b; d; s

q2k2

c þ k1 þ l1 þ l2

ck1 þ cl1 þ cl2 þ k1l2 þ l1l2

� k1k2q1 � k1 � l1

ck1l2 þ cl1l2

Since these are complicated expressions, we cannot reparameterize
our original equations over them. However, one could reparameter-
ize using the normal canonical form with these parameter
combinations.

Now we reparameterize our original system using our simpli-
fied canonical set. Let x02 ¼ k1k2x2 and x03 ¼ x3=q2. Then our original
system becomes:

_x1 ¼ �bx1x4 � dx1 þ s
_x02 ¼ bðq1k1k2Þx1x4 � ðk1 þ l1Þx02
_x03 ¼ bx1x4 þ ð1=q2k2Þx02 � l2x03
_x4 ¼ �cx4 þ k2q2x03
y1 ¼ x1

y2 ¼ x4

We leave the reparameterization in the original parameter vector p
to avoid confusion, since q1 and q2 are elements of p.

8. Discussion

In all of the examples, we were able to go from infinitely many
solutions (unidentifiability) to one or finitely many solutions (iden-
tifiability). We now discuss some important details regarding our
algorithm.

In the choice of the canonical set, it should be noted that in
some examples, as in the Nonlinear 2-Compartment Model (Exam-
ple 1), there may be more elements in the identifiable set than nec-
essary for the canonical set. Thus the user must pick the ‘‘optimal”
combinations for the canonical set. We emphasize again that poly-
nomial combinations are in general preferred over rational combi-
nations, however it is left to the user to decide which combinations
would be most useful. In addition, we emphasize that the canonical
set does not necessarily provide an entire solution set for
cðpÞ ¼ cðp�Þ, since a decoupled factor means that a parameter com-
bination may have more than one solution.

The reparameterization of the input–output equations (Step 4)
is not necessary to prove identifiability of the simplified canonical
set. As stated above, if our canonical set contains decoupled ele-
ments, then the simplified canonical set is by definition identifi-
able. The reason reparameterization of the coefficients is done
is really to test if the original equations have a chance of being
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reparameterized in terms of the chosen simplified canonical set. If
the coefficients cannot be reparameterized in terms of the chosen
simplified canonical set, then the original system cannot be either.
Also, we saw that the ability to reparameterize the coefficients of
the input–output equations led to the interesting mathematical
fact that the ideal generated by the canonical set is the same as
the ideal generated by the exhaustive summary, when the canon-
ical set contains only entire elements from Gröbner Bases. Thus, in
this case, the canonical set is in fact a solution set for cðpÞ ¼ cðp�Þ.
Additionally, the reparameterization step helps give us a useful set
of identifiable combinations. We conjecture that there always
exists a simplest set of identifiable combinations that lead to repa-
rameterization of the input–output equations.

The reparameterizations of the original equations can some-
times be easily done, as demonstrated in most of our examples,
but there are many more models that cannot be rationally repa-
rameterized, as demonstrated in the Linear 4-Compartment Model
(Example 3). Although we can use the normal canonical form (i.e.
companion matrix for linear problems), retaining the original state
variables is usually advantageous, thus the normal canonical form
is only used if simple reparameterization fails.

The reparameterizations we found give a compact form with
the new parameters in the equations identifiable. In nearly all
the examples a change of variable was made, with an unidentifi-
able parameter eliminated. In most examples, the input–output
variables remain unchanged, thus retaining the original structure
of the experimental data. However, even if the output is changed,
this may still be preferable over the normal canonical form, which
typically has a different set of state variables.

The ‘‘inspection” method, as discussed in the Differential Alge-
bra Approach section, is the method of extracting simpler identifi-
able combinations from the coefficients of the input–output
equations by subtracting/dividing the terms. The advantages of
this method are it requires less computationally expensive
machinery (no Gröbner Basis) and the correct solution can some-
times be found much faster. The disadvantages of this method
are that, like many rule-based approaches, the procedure is ad
hoc and may be forced to run through a large number of cases,
and eventually may not work. In a sense, this method is doing ex-
actly what a Gröbner Basis does, however the user/programmer
must decide how to simplify the equations.

The inspection method can be used to easily find the simplest
globally identifiable parameter combinations of the Linear 2-Com-
partment Model, Linear 4-Compartment Model, the SIR Model, and
the Rational Combination Example. The number of coefficients and
their degrees of the Nonlinear 2-Compartment Model make inspec-
tion a bit difficult. For the HIV/AIDS Model, inspection can only give
us the global identifiability of fb; d; s; q2k2g, but we do not get the
local identifiability of fq1k1k2;l1 þ k1; c;l2g so easily. Likewise,
in the Linear 3-Compartment Model, we do not easily get the local
identifiability of {k12k21, k13k31, k02 + k12, k03 + k13} by inspection.
However, the inspection method gives us globally identifiable
combinations for both the HIV/AIDS Model and the Linear 3-Com-
partment Model, but due to their complicated nature, are not as
useful since we must use the normal canonical form to reparame-
terize. In contrast, the combinations found from our algorithm are
concise and may be useful quantities since we can reparameterize
the original system. Additionally, our procedure can be automated
whereas the inspection procedure is harder to automate.

In some cases, we have seen that the canonical set is actually
apparent from the solution to the exhaustive summary. In the
Nonlinear 2-Compartment Model, the SIR Model, the Rational
Combination Example, and the HIV/AIDS Model, one can easily
‘‘cross-multiply” and find identifiable combinations. However, in
the Linear 2-Compartment, 3-Compartment, and 4-Compartment
Models, this cannot be done. If we cross-multiply the equations

in the solution and bring all the variables to one side, we obtain
terms from Gröbner Bases that cannot be decoupled to form iden-
tifiable combinations. Thus we do not always obtain all the sim-
plest identifiable parameter combinations from DAISY or a
symbolic parameter solution. Also, this means that not every term
in a Gröbner Basis can be decoupled to obtain an identifiable
combination.

The method used in the DAISY program is capable of handling
initial conditions [15], and once the input–output equations are
generated, the algorithm described in this paper can still be used
to form identifiable combinations. On the whole, the question of
handling initial conditions in the differential algebra technique
has been examined in [11,25], but still appears to be an open ques-
tion. Since the differential algebra approach requires the input and
output to be smooth functions, this prevents switching from a del-
ta function input to initial conditions. This may be a drawback of
the differential algebra approach as compared to analytical ap-
proaches. We hope to examine this issue in greater detail in future
research.

9. Conclusion

We have proposed an algorithm to find identifiable combina-
tions of parameters in nonlinear ODE models and have found nec-
essary and sufficient conditions for steps of the algorithm to work,
and have illustrated its use with several linear and nonlinear mod-
els. We are currently preparing a software distribution of our ex-
tended algorithm. It remains to find what classes of problems
always give a canonical set that leads to reparameterization of
the input–output equations.
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